We employ the exact diagonalization method to analyze the possibility of generating strongly correlated states in two-dimensional clouds of ultracold bosonic atoms which are subjected to a geometric gauge field created by coupling two internal atomic states to a laser beam. Tuning the gauge field strength, the system undergoes stepwise transitions between different ground states, which we describe by analytical trial wave functions, amongst them the Pfaffian, the Laughlin, and a Laughlin quasiparticle many-body state. The adiabatic following of the center of mass movement by the lowest energy dressed internal state, is lost by the mixing of the second internal state. This mixture can be controlled by the intensity of the laser field. The nonadiabaticity is inherent to the considered setup, and is shown to play the role of circular asymmetry. We study its influence on the properties of the ground state of the system. Its main effect is to reduce the overlap of the numerical solutions with the analytical trial expressions by occupying states with higher angular momentum. Thus, we propose generalized wave functions arising from the Laughlin and Pfaffian wave function by including components, where extra Jastrow factors appear, while preserving important features of these states. We analyze quasihole excitations over the Laughlin and generalized Laughlin states, and show that they possess effective fractional charge and obey anyonic statistics. Finally, we study the energy gap over the Laughlin state as the number of particles is increased keeping the chemical potential fixed. The gap is found to decrease as the number of particles is increased, indicating that the observability of the Laughlin state is restricted to a small number of particles.
Introduction
A spectacular progress on the manipulation and control of cold atomic clouds has been achieved since the first experimental realization of a Bose-Einstein condensed system by Anderson et al. [1] and Davis et al. [2] nearly simultaneously in 1995. On the one hand, these systems provide us with a toolbox for studying the principles of quantum mechanics, as has for instance been done in experiments involving the interference of two condensates leading to the manifestation of coherence [3] . On the other hand, cold atoms have been used in order to simulate interesting phenomena appearing in condensed-matter physics [4] , like the Mott-insulator to superfluid transition [5] .
A severe restriction, however, stems from the atom's electro-neutrality, which hinders a direct implementation of phenomena involving electromagnetic forces. An important example of the latter is the physics of the integer and fractional quantum Hall effect, occurring in two-dimensional interacting systems under the presence of a strong perpendicular magnetic field. The ground states of fractional quantum Hall (FQHE) systems are highly correlated states, like the Pfaffian state proposed by Moore and Read [6] , or the celebrated Laughlin state [7] , whose bosonic analogs are found to be the exact eigenstates of a Hamiltonian with a three-body (3B), or two-body (2B) [8, 9] contact interaction, respectively. In addition, the quasihole excitations over the Laughlin state have fractional effective charge and fractional statistics [10] . Excitations of the Pfaffian state may even obey non-Abelian braiding statistics [11, 12] , which makes them interesting from both fundamental and technological points of view [13] .
Several proposals of experimental routes to obtain these types of states have appeared in the literature, ranging from the use of rotating traps to simulate magnetic fields acting on charges to the use of laser-beam configurations acting on atoms with several internal states [14, 15, 16, 17, 18, 19, 20, 21] . In this article we analyze the appropriate conditions to realize some strongly correlated states within a simple configuration of a single laser beam shining on a cloud of cold atoms with two internal states. If the internal dynamics of the atoms, governed by the Rabi frequency of the atom-laser coupling, is fast enough with respect to the slow variation of center of mass position, then the atoms evolve adiabatically. They remain in one definite space-dependent superposition of the internal bare states, and the accumulation of Berry phase [22] during its movement mimics an effective magnetic field [23, 24] . An important goal is to go further and analyze the effect of a slight amount of non-adiabaticity, which we treat in a perturbative way.
Through the controlled variation of external parameters, different strongly correlated states appear in the spectrum, i.e. a Laughlin-like state, a Pfaffian-like state and the quasiparticle-like state obtained from the Laughlin. Our main aim is to map the regions in parameter space where the exact, numerically obtained, ground state (GS) has a large overlap with explicit analytical expressions provided for these relevant strongly correlated states. To remain close to possible experimental implementations, we study the effect of small perturbations that create non-adiabaticities which are unavoidable for finite values of the laser intensity. The small perturbation produces a deformation of the atomic cloud preserving most of the notable properties of the original states, e.g. entropy, internal energy, or anyonic character of excitations. These slightly asymmetric ground states are well represented by generalized analytic wave functions.
Focusing additional laser beams on the atomic cloud, it is possible to pierce holes into the system. As long as the asymmetric perturbation is small, the resulting states can be well described by an analytical quasihole wave function, which can be obtained from the Laughlin or the generalized Laughlin wave function. In both cases, the effective charge and statistical phase of the quasihole excitations are found to attain fractional values, demonstrating the possibility of observing anyons within the proposed setup.
In this work we concentrate on the physics of few-body systems, independently of their attainability in the thermodynamic limit, which is beyond the scope of the present article. This approach is meaningful as there are nowadays a number of groups able of dealing with small bosonic clouds using several techniques [25, 26] . In particular, Ref. [26] has presented experimental evidence for the production of quantum states of fractional quantum Hall type for small atom systems (N<10). These experimental developments have triggered a number of theoretical proposals focusing on the production of strongly correlated quantum states in small atomic clouds [16, 19, 20] . We analyze the dependence on the number of particles of some of our main results. First, we show that observing the anyonic character of quasihole excitations becomes possible when N 5. Second, we show that at fixed chemical potential the bulk gap of the Laughlin state is decreased as N is increased, indicating that few-body systems provide the best scenario for producing the bosonic Laughlin state.
The paper is organized as follows. In Section 2 we present the system and derive an effective Hamiltonian to describe it. In Section 3 we provide the analytical expressions of the relevant fractional quantum Hall states and their generalizations. Our results are presented in Section 4 and Section 5 in the adiabatic/symmetric and nonadiabatic/asymmetric cases, respectively. In Section 6 we study the fractional charge and anyonic statistics of quasiholes, produced by means of additional lasers. In Section 7 we analyze the behavior of the energy gap above the Laughlin state as N increases, and its evolution as a function of the system's parameters. Finally, in Section 8, we present our conclusions.
Description of the system
We consider a setup to produce artificial gauge fields in a small cloud of ultracold atoms closely following the configuration described in Ref. [21] . The system is confined by harmonic traps. The confinement in the z direction is assumed to be strong enough to achieve effectively a two dimensional system. The cloud is illuminated by a single laser beam with wave number k and frequency ω L , which propagates in the y-direction and is close to the resonance with a transition between two internal atomic states, ω L = ω A . The interaction between the electric field of the laser and the induced electric dipole is FQH states production in gases of ultracold bosonic atoms subjected to geometric... 4 modeled by the atom-laser Hamiltonian, which in the rotating-wave approximation and in the rotating frame is given by [27, 28] ,
where E g and E e are the energies of the bare atomic ground and excited state and Ω 0 is the Rabi frequency, which is proportional to the laser intensity. No spontaneous emission of photons from the excited state is considered. This assumption is justified as long as the lifetime of the excited state is longer than the typical duration of an experiment. Lifetimes of several seconds, as found for Ytterbium or some Alkaline earth metals, should be sufficient.
In order to obtain a non-trivial gauge potential from the coupling in Eq.
(1), we still have to make it dependent on x. This can be achieved via a real magnetic field, which by Zeeman effect makes the internal energy levels vary linearly with x. Introducing a parameter w, setting the length scale of this shift, we have,
Then, the single particle Hamiltonian is given by
where the third term is the atom-laser Hamiltonian represented in the {|e , |g } basis. Here, M is the atomic mass, Ω = Ω 0 1 + x 2 /w 2 , sin θ = w/ √ w 2 + x 2 , cos θ = x/ √ w 2 + x 2 , and φ = ky. V ( r) is the trap potential that will be fixed below. Up to this point, the Hamiltonian is given by physically measurable parameters. In the next step, we choose particular expressions for the single particle states that diagonalize the atom-laser Hamiltonian. This corresponds in fact to the selection of a specific gauge for the vector and scalar potentials that will drive the center of mass dynamics, as will be shown below. We consider the eigenfunctions of H AL given by,
in the {|e , |g } basis, where C = cos θ/2, S = sin θ/2, and G = kxy 4w
. The atomic state can be then expressed as,
where a i captures the external dynamics and |Ψ i provides internal degree of freedom. The single-particle Hamiltonian is then expressed in the {|Ψ 1 , |Ψ 2 } basis as
acting on the spinor [a 1 ( r), a 2 ( r)]. Defining a vector potential A,
and a scalar potential U,
we obtain,
and
which are the Hamiltonians driving the external dynamics of atoms being in the internal state |Ψ 1 and |Ψ 2 , respectively. By expanding the H ij terms up to second order in x and y, which is justified by choosing w to be larger than the extension of the cloud, we find that the energy distance between these two manifolds is given by Ω 0 . For convenience, we make the Hamiltonian element for the low energy manifold, H 22 , independent of Ω 0 by adding the constant term
to the diagonal ofĤ sp . Further we note that with the explicit selection of Eq. (4) and for x, y ≪ w, A is in the symmetric gauge:
(y, −x). This allows for making H 22 fully symmetric by a proper choice of the trapping frequency. Eq. (10) then takes the form
and we can take the advantage from the knowledge of its single particle eigenfunctions, namely the Fock-Darwin states [32] . This final expression is formally equal to the Hamiltonian driving a system of charges trapped by a harmonic potential of frequency ω ⊥ , under a constant magnetic field along the z-direction, or equivalently, a system of neutral atoms trapped by a rotating harmonic potential of frequency ω ⊥ , expressed in the rotating frame of reference [33, 34] . While the equivalence to the rotating case holds for H 22 , we stress that it does not for the system's behavior in the upper manifold described by H 11 . However, due to the off-diagonal terms inĤ sp , both manifolds are coupled. Typical expected values of H 12 and H 21 are of the order of the recoil energy
which gives the scale for the kinetic energy of the atomic center-of-mass motion when it absorbs or emits a single photon. If we consider Ω 0 ≫ E R , this coupling is small, and we can restrict ourselves to the low energy manifold. Namely, we are in the situation where the internal dynamics is much faster than the center of mass motion and can follow the external variations in a quasiadiabatic way [29] .
To go beyond the adiabatic approximation, we consider the influence of the highenergy manifold as a small perturbation. Using the procedure appropriate to systems that show two significantly different energy scales as explained in Ref. [27] , and detailed in Appendix A, we calculate an effective Hamiltonian up to second order in the perturbation, which reads
where the explicit expression for the perturbative term H 21 H 12 /Ω 0 is given in Appendix A. Though mathematically more involved and physically richer, this term is reminiscent of the anisotropic potential that is applied to set an atomic cloud in rotation. Usually, the expression used to model the stirring laser is given by αMω ⊥ (x 2 −y 2 ) [30, 31] , where α measures the strength of the deformation. Similarly the term H 21 H 12 / Ω 0 can only produce changes of L of ∆L = 0, ±2, ±4 (see Appendix A) . In what follows we will identify 'deformation' with 'coupling' indicating that a large connection with H 11 implies deformation since H 11 is not cylindrically symmetric.
The many-body Hamiltonian which we finally will deal with is given by adding a contact interaction term to the effective Hamiltonian from Eq. (12):
where g is a dimensionless parameter fixing the contact interaction strength. From now on we will consider gN = 6 in the numerical calculations. The Hamiltonian H acts only on the low energy manifold, which effetively is perturbed by the second manifold. The important two parameters in H are the dimensionless ratio η ≡ k 4M wω ⊥ and the degree of the perturbation given by Ω 0 . The expression ηω ⊥ plays the role of the rotating frequency, and also the effective magnetic field strength B 0 is proportional to η:
The largest possible value of η is given by 1 in order to keep the system confined. We consider that the artificial magnetic field is strong enough to work exclusively in the lowest Landau level regime. To this end, our parameters must fulfill the following conditions: the energy difference between Landau levels is larger than both, the kinetic energy of a single particle within a Landau level and the interaction energy per particle. Note that the strength of the atom-laser coupling, characterized by Ω 0 , is different from the strength of the magnetic field, characterized by η. Because the magnetic field has a geometric origin, η is independent of the atom-laser coupling, as long as the adiabatic approximation is justified.
Analytical many-body states
In this section we give an overview of the analytical wave functions discussed in the literature which will turn out to be relevant for describing our system.
Laughlin state
The well-known Laughlin state has the analytical form [7, 35, 36] ,
where N L is a normalization constant, z = x + iy and λ ⊥ = /Mω ⊥ . The inverse of the exponent, ν, fixes both the density of the system and the symmetry of the wave function. For bosons, 1/ν must be even. The Laughlin regime discussed here will be at half filling, so for the rest of this paper we set ν = . Based on these observations, in Ref. [21] an analytical ansatz for the ground state in the Laughlin-like region ‡ was proposed,
from here on referred to as the generalized Laughlin (GL) state, with 
Pfaffian (Moore-Read) state
While the Laughlin and the generalized Laughlin state turn out to be good trial states for strong magnetic fields η 1, for smaller field strengths the Laughlin quasiparticle (LQP) state and the Pfaffian (Pf) state become relevant. The Pfaffian state has L = N(N −2)/2 for even N, and L = (N − 1) 2 /2 for odd N and its analytical expression reads,
with N pf a normalization constant, and
where A is an antisymmetrizer of the product. As explained in Ref. [8, 9] , the Pfaffian state can also be computed as,
where σ 1 and σ 2 are two subsets containing N/2 particles each if N is even, and (N +1)/2 and (N − 1)/2 if N is odd. S symmetrizes the expression. The Pfaffian state has been shown to be the lowest energy eigenstate of a Hamiltonian which contains only threebody contact interactions [6, 20] ,
and, similarly to the Laughlin with the two-body interaction, it has zero three-body interaction energy. Remarkably, however, as shown in Refs. [8, 16] for a two-body interaction Hamiltonian and for some values of η there is a sizeable overlap between the ground state of the system and this state.
As we did before for the Laughlin state in Eq. (16), we can define a generalized Pfaffian (GPf) state as
Again, the parameters α, β, and γ are fixed to maximize the overlap of the numerical ground state with Ψ GP .
Laughlin-quasiparticle state
The Laughlin-quasiparticle state arises from the Laughlin state by increasing the density at the origin, decreasing its angular momentum, L qp = N(N −1)−N. The latter formula holds if the quasiparticle is at the origin. Otherwise, it also carries angular momentum and the total expected value of the angular momentum of the system is no longer an integer. The wave function is written as,
with N qp (ξ, ξ * ) a normalization constant that depends on the position ξ and ξ * of the excitation. Also for the Laughlin-quasiparticle state we define a generalized version (GLQP), built up from the same Jastrow factors used in Eq. (16), i.e.
Laughlin-quasihole state
Alternatively to increasing the homogeneous density of the Laughlin state locally, one might also decrease it by piercing a hole in the atomic cloud. Formally this is achieved by introducing an additional zero into the wave function, multiplying it with i (ξ − z i ). The resulting quasihole state pierced at ξ reads:
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where N Lqh (ξ, ξ * ) is a normalization constant, which explicitly depends on the position of the quasihole. To test the anyonic nature of the quasiholes, we need to do the same operation twice, such that the presence of two quasiholes is described by,
The state with one quasihole has a fixed total angular momentum, which is N quanta above the ground state, if the quasihole is at the origin, ξ = 0. For off-centered quasihole positions, the average angular momentum is slightly reduced and non-integer. The state with two quasiholes has an angular momentum close to 2N quanta above the ground state.
We may also apply the same operation to the generalized Laughlin state and define,
for the state with one quasihole, and
for the state with two quasiholes. As explained in Sec. 5, we always find α, β ≫ γ, thus in practice we will consider always γ ≡ 0. The first region corresponds to a fully condensed system with zero angular momentum and vanishing one-body entanglement entropy §, see Fig. 1 . The ground state can be well described by a wave function given by Ψ C = N C e
Figs. 1 (middle panel) and 2 show that the first excitation is of quadrupolar character up to η = 0.7. Lower values of η lie beyond our lowest Landau level approximation, where a larger Hilbert space including more Landau levels has to be considered.
At the critical value η 1 = 1 − gN/(8π) ∼ 0.76, (gN = 6), a degeneracy between states with L = 0, 2, 3, and 4 occurs, see Fig. 2 . At this η 1 a state with broken § The entropy is defined here from the one-body density matrix, as S = − n i ln(n i ), where n i are the eigenvalues of the one-body density matrix. For a more detailed discussion of the entropy we refer for instance to [21] . symmetry, combination of several L-eigenstates, is precursor of the nucleation of the first vortex state. For increasing η the ground state recovers the cylindrical symmetry and the angular momentum is L = 4. All this phenomenology can be inferred from the Yrast line displayed in Fig. 3 . The Yrast line is constructed by plotting the interaction energy contribution of the lowest energy state for each L. From this line, the addition of the kinetic energy, which reads (up to a term independent of L and η) E kin = (1 − η)L ω ⊥ , produces the total energy with its minimum at the angular momentum of the ground state, L GS , as exemplified for η = 0.85 and 0.94 in Fig. 3 . This is a general behavior for any N.
As η is increased above η 1 , the ground state with L = 4 becomes correlated as marked by the sizeable entanglement entropy (see Fig. 1 ), meaning that it is not fully condensed. Remarkably, its squared overlap with the Pfaffian state is much larger (about 0.9, see Fig. 4 ) as already noticed in Ref. [8, 16] , than its squared overlap with the one-vortex-state (about 0.47), given by Ψ 1vx = N 1vx N 1vx a  normalization constant) . If the ground state in this region is modeled by the eigenstate of the one-body density matrix with the highest occupation which plays the role of the order parameter in a mean field approach, it shows a well defined vortex at the center of the density distribution. The phase of the order parameter changes by 2π, indicating the existence of a vortex. However, this function is a poor representation of the ground state since the non-condensed fraction is significant. This region has three different kind of excitations, L = 3, 6 and 8 as can be seen in Fig. 2 . The latter has a large overlap with the Laughlin-quasiparticle state as can be seen in Fig. 4 . For 0.92 ≤ η ≤ 0.96, the ground state has L = 8, a higher entanglement entropy, and a smaller interaction energy. The ground state has a large overlap with the Laughlinquasiparticle state, as shown in Figs. 1 and 4 . This quasiparticle region has four different excitations, L = 4, 6, 9 and 12. The L = 9 corresponds to a center of mass excitation of the system as dictated by Kohn's theorem [32, 37] .
Finally, for η ≥ η 2 ≃ 0.96, the ground state wave function is the Laughlin wave function, with zero interaction energy. Its excitations are the Laughlin-quasiparticle L = 8 and an a center of mass excitation, Kohn mode, with L = 13, whose analytical form is, Ψ = N (z 1 + z 2 + z 3 + z 4 )Ψ L .
Effects of the non-adiabaticity/asymmetry, H
As discussed in Section 2 and Appendix A, the considered setup can be mapped onto a symmetric Hamiltonian, H 22 , equivalent to the one of rotating atomic clouds in symmetric traps, plus a term, H 21 H 12 /( Ω 0 ) whose importance can be controlled by tuning the laser coupling, Ω 0 . As discussed in Ref. [21] , the first effect of the perturbation in the Laughlin-like region is to increase the angular momentum of the ground state by populating the states Ψ L1 , defined in Eq. (16) . One can consider fairly small coupling Ω 0 /E R ∼ 40 and still get Laughlin-like ground states of the form of Eq. (16), which retain most of the known properties of Laughlin states, namely, a large entanglement entropy and vanishing interaction energy [21] . Now we extend the previous study to the effect of the perturbation on the Pfaffian and Laughlin-quasiparticle regions.
In generalized Laughlin (GL), see Eqs. (16), (21) , and (23) . It turns out that in all three cases the state which is proportional to γ is much less populated than the states proportional to α and β. We thus neglect the contribution of this term, for simplicity. As shown in Fig. 5 , overviewing all three regimes, the largest improvement by using the generalized versions occurs in the Laughlin region. Here, the total angular momentum increases continously with η [21] , leading to substantial occupation of the state proportional to β. our calculations. There one can see how by decreasing the value of Ω 0 , the η which provides maximum overlap becomes smaller. Thus, while in the symmetric case, the only region with non-negligible squared overlap with the Pfaffian was 0.75 η 0.92, with, e.g Ω 0 /E R = 20, the region is roughly displaced to 0.73 η 0.89 Also, the squared overlap with the Pfaffian gets reduced, going from around 0.9 in the symmetric case, to 0.7 for Ω 0 /E R = 10. As occurred with the Laughlin, the main effect of the perturbation is to populate states which are of the GPf type, that is, a Pfaffian core with appropriate Jastrow factors. The GPf state has a large overlap with the ground state, of the same order as the Pfaffian itself with the symmetric ground state. Interestingly, large values, > 0.8, of the squared overlap with the GPf state can be found already for Ω 0 /E R > 20, which is relevant from the experimental point of view as it increases the window of observability.
A similar behavior is found when studying the squared overlap of the Laughlinquasiparticle state with the exact ground state of the system. As shown in Fig. 7 the region with sizeable overlap with the Laughlin-quasiparticle state gets shifted towards lower values of η as we decrease Ω 0 , peaking at η = 0.85 for Ω 0 /E R = 10. Also, a sizeable overlap is found with the GLQP state. It is however clear, that large values of the squared overlap, >0.8, can only be found for values of Ω 0 /E R > 30.
In Fig. 8 we present the corresponding figure for the case of the Laughlin and generalized Laughlin states. First, we note that again the region where the L and GL are most populated gets shifted towards lower values of η as we decrease the value of Ω 0 /E R . For instance, the maximum value is obtained around η = 0.91 for Ω 0 /E R = 15, and this maximum is of 0.4 in the case of GL. Squared overlaps larger than 0.8 are only obtained for Ω 0 /E R > 40. Squared overlaps larger than 0.5 can however be obtained with Ω 0 /E R as low as 20 for η ∼ 0.92. 
Fractional charge and anyonic statistics of quasihole excitations in the Laughlin regime
An important property of the strongly correlated N-body states discussed in the previous sections are their excitations which might behave as particles with fractional charge and obey anyonic statistics, as is the case for the quasihole excitations over the Laughlin ground state [10, 15] .
An experimentally feasible way of creating quasihole excitations in our system is by focusing a laser beam onto the atomic cloud. This can be described by adding the following potential to the single-particle Hamiltonian of Eq. (13) [15] :
where I is the laser intensity, and ξ is the position onto which the beam is focused. With two such potentials we should be able to create states with two quasiholes, according to Eq. (25) . In the following, we will first study quasiholes in the Laughlin state, which can be created when the system is in the adiabatic regime. Then we will also consider a slightly non-adiabatic situation, where we find quasiholes in the GL state, as defined by Eq. (26). We analyze the quasiholes in both the Laughlin and the GL state with respect to their fractional character.
Quasiholes' properties in the adiabatic case
As already discussed in Section 4, for Ω 0 ≫ E R , the system's ground state squared overlap with the Laughlin state is effectively one, above the critical field strength η 2 . Now we consider the system with the additional term (28) and find that there is also a region of η where the overlap of the ground state of the system and the analytical quasihole state is effectively 1, see Fig. 9 . This shows that the potential of Eq. (28) is able to produce quasiholes described by (24) . Similarly, adding two such lasers we also find a region of η where the overlap between the ground state and the analytical state with two holes, Eq. (25) , is very close to 1. However, we notice that the values of η at which the overlap for one or two quasiholes reaches 1 differ from each other, and both are found for values larger than η 2 , see Fig. 9 . These features are essentially independent of the laser strength I, for sufficiently large I.
The most interesting property of these excitations is their fractionality, i.e. fractional charge and statistics. To study the fractional charge of the quasiholes, we first note that in our electro-neutral system subjected to an artificial magnetic field, there exists the analogue of an electric charge which can be defined via the behavior of a particle or quasiparticle evolving within the gauge field. To this end, we consider the phase a quasihole picks up while being adiabatically displaced following a closed trajectory. The general expression for the Berry phase on a closed loop C is given by [38] 
with |Ψ( R) the state of the system, characterized by a parameter R, which in our case is the position of the quasihole. For simplicity, we now assume that the quasihole is fixed at a radial position |ξ| = Rλ ⊥ , but is moved along a circle centered at the origin, see Fig. 10 , parameterized by the angle φ. This is sufficient to test the fractional behavior. For general contours, one can extract the acquired phases from the normalization factor of the quasihole state, as described in [39] . For our circularly symmetric contour, however, the situation is simpler, as we can re-write Eq. (29) as
Here we note that, due to the circular symmetry of the Laughlin state, the integrand does not depend on the angular position of the quasihole. The function f (R) can be calculated by decomposing the Laughlin quasihole state into Fock-Darwin basis [40] , which we have done analytically for particle numbers up to 6. For compactness, we explicitly give here only the result for N = 4:
If we assume that the quasihole is moved sufficiently close to the center, i.e. R 1, we can expand this expression in R and find, γ C = 2π(0.473426R 2 +0.0242202R 4 +O(R 6 )) ≈ πR 2 . Thus, the acquired phase is approximately given by the enclosed area in units of λ
To obtain the effective charge of the quasihole, we must compare this result with the geometric phase acquired by a particle moved along the same closed contour due to the gauge field. In the Laughlin regime, where η ≈ 1, we find with Eq. (14) B 0 ≈ 2 λ ⊥ , thus the acquired phase ϕ is two times the enclosed area in units of λ
From this follows the effective charge of the quasihole to be q eff = γ C ϕ ∼ 0.47, close to the expected value for the Laughlin state at half filling in the thermodynamic limit, 1/2 [7, 10] . We have performed a similar study for N = 5 and N = 6, finding that for N = 5, the effective charge is about 0.48, and for N = 6 it is found to be 0.49, i.e. by increasing the particle number the value 1/2 is approached.
Fractional statistics
To prove the fractional statistics of the quasihole excitations we now consider the system with two quasiholes at ξ 1 = |ξ 1 |e iφ 1 and ξ 2 = |ξ 2 |e iφ 2 , which we assume to sit on opposite radial positions, i.e. |ξ 1 | = |ξ 2 | = Rλ ⊥ and φ 2 − φ 1 = π. We now consider the simultaneous adiabatic movement of the two quasiholes on two half circles, in such a way that, at the end, the quasiholes interchange position (see Fig. 10 ). This differs from a more common setup to test the statistical angle, where one quasihole is fixed in the center, while the other is encircling it, but it has the advantage that it maximizes the distance between the two quasiholes. Note that in Fig. 10 , the radial position is chosen at R = 1, i.e. the distance between the center of the quasiholes is 2λ ⊥ , which seems to be the minimum distance needed for not having a significant overlap (< 10%) between the two quasiholes, see Fig. 11(a) . On the other hand, in this small system of just four particles, larger radial positions lead to quasiholes overlapping with the systems edge.
The total phase picked up during the described movement should be the sum of the phase picked up by one quasihole moved along a circle plus a phase factor due to the interchange of the two quasiholes. Again the phase gradient turns out to be independent from the angular position, but is described by a different functionf of the radial coordinate:
The statistical phase angle is thus,
It is shown, as a function of R, in Fig. 11 (b) . First, as expected the statistical phase is zero if both quasiholes are in the same position, and it increases linearly as the distance between the quasiholes is increased. This linear behavior then saturates once the overlap between the two quasiholes, | Ψ Lqh (ξ 1 )|Ψ Lqh (ξ 2 ) | 2 , drops below 0.1, and remains mostly constant around π/2. By increasing the number of particles N, the phase angle become less dependent on R once the two quasiholes do not overlap, meaning that it becomes a robust property of the quasiholes. It stabilizes around the expected value of π/2. At larger distances R, the system's edge starts to play a role.
Non-adiabatic effects on the properties of quasiholes
To study the fractionality of quasihole excitations in the non-adiabatic case we will again profit from the generalized analytical representations used to describe the ground state of the system. Following the discussion in the previous section we compute the squared overlap of the ground state obtained with no-, one-, and two-extra lasers piercing holes into the system. First, we find a significant squared overlap for the slightly perturbed case at Ω 0 = 100E R , see Fig. 12 . As occurred in the adiabatic case, a large overlap with the analytical one-and two-quasihole states appears only at higher field strengths than the one at which the generalized Laughlin state is reached. Our study of the properties of quasiholes in the non-adiabatic case will be restricted to the parameter domain where a fair description of the states is provided by the generalized state given in Sec. 3 .
We now test the behavior of the quasiholes in a generalized Laughlin state. This can be done as before, but now we must note that the gradient of the state will not only depend on the radial, but also on the angular position of the quasiholes. Furthermore, it will depend on the parameter β as defined in Eqs. (26) and (27) , which is used to improve the overlap. As shown in Fig. 12 , for given parameters η and Ω 0 the same value for β optimizes simultaneously the ground state, the quasihole state, and the state with two quasiholes. We define
This function f β is quite lengthy, so we expand it in R and give only the lowest term (O(R 2 )):
From the expression we see that for a fixed and small value of R, f β oscillates around R 2 /2, such that the angular integration f β (R, φ)dφ again will yield a Berry phase close to the encircled area, thus half of the Berry phase accumulated by a normal particle. Formally, we can capture this oscillating behavior by defining two effective charges q x and q y , depending on the direction in which the quasihole moves. With this and by generalizing to arbitrary loops the Berry phase in the limit of small radial positions R 1, the Berry phase can be written as,
where A is the encircled area and Stokes' theorem has been applied. An effective charge can be defined simply as, q eff = (q x + q y )/2. The values of q x , q y , and q eff are plotted as a function of β in Fig. 13 for different N. As can be seen, in all cases the effective charges are close to 1/2. For small values of β, which represent realistic states of the system, the value of the charges gets closer to 1/2 as the number of atoms in the system is increased. In summary, the average charge q eff has only a minor dependence on β, which decreases as N increases. Though not realized in our system, we note that in the limit β → 1, both charges q x and g y again coincide due to the recovered cylindrical symmetry of the state Ψ L1 . Finally we introduce two quasiholes into the generalized Laughlin state. Following a procedure similar to the one for the adiabatic case presented in the previous section, we extract the statistical phase angle of the quasiholes. The result as a function of β is shown in Fig. 14 for N = 4 and closed paths of different radii. While the quasiholes in the bulk, R = 1, remain with an almost constant phase angle ϕ stat ≈ 0.51, the phase angle of quasiholes closer at the edge of the system have a stronger dependence on β. Thus, we find that the presence of a certain degree of non-adiabaticity, β ≤ 0.7 does not spoil the presence of anyonic quasihole excitations of the Laughlin state. 
Evolution with N of the energy gap
The typical scenario of an experiment that has as a goal the realization of a specific strongly correlated state, is to first prepare an easily attainable initial state. Then, one may follow adiabatically a route in parameter space which ends up in the final desired state [16, 20] . This final state is expected to be robust, with a mean-life time larger than the time necessary to perform the measurements. A crucial ingredient necessary for the success of such approach is to have energy gaps as large as possible over all the ground states involved along the route. In this section we concentrate on the study of the energy gap over the Laughlin state. We consider first the adiabatic case and then study the effect of the perturbation on the energy gap. The gap is the energy difference between the ground state and the lowest excitation in the thermodynamic limit. We take the thermodynamic limit by increasing N keeping the chemical potential constant during the process. In the homogeneous 2D case this corresponds to fixing gN = constant, our calculations are performed fulfilling this relation. We will analyze the behavior of the gap for increasing N by means of our exact diagonalization calculations up to N = 7.
For the Laughlin state in the adiabatic/symmetric case, as is shown in Fig. 2 for N = 4 and L = 12 there are two lowest excitations with L = 12 − 4 = 8 and L = 13 depending on the value of η. This is a general result for any N, the excitations have L = N(N − 1) − N and L = N(N − 1) + 1. The excitation with L = 13 is an excitation of the center of mass of the system. This is due to the incompressibility of the Laughlin state. Namely, as shown in Fig. 3 , the state can increase its angular momentum without changing its interaction energy. We ignore this excitation, since we are interested in bulk excitations. This means that the linear left branch in the Laughlin region in Fig. 2 must be extended up to η = 1 (where one has the largest gap). All the branches on the right FQH states production in gases of ultracold bosonic atoms subjected to geometric... 23 that would lie below this line, are edge excitations of different polarity. In addition, the energy of the first excited state over the Laughlin denoted as ∆, with L = N(N − 1) (i.e., in the same L-subspace) coincides with this largest gap at η = 1 where effectively there is no trap. As a consequence, to see the evolution of the gap over the Laughlin state it is sufficient to calculate the first two eigenvalues of the energy spectrum in the L = N(N − 1) subspace for each N. In Fig. 15(a) we show the evolution of ∆/g with N. The tendency up to N = 7 is to asymptotically recover the value of 0.1 previously obtained by Regnault et al. [36] assuming a toroidal geometry and later reproduced by Roncaglia et al. [19] . Since we have taken gN = 6, then ∆ must compensate this N-dependence and consequently tend to zero as ∆ ∼ 1/N. In effect, our results imply that the bosonic Laughlin state is observable only for few number of particles.
For possible practical implementations, it is also important to quantify the size of the parameter region where the Laughlin can be produced. Therefore, a good estimate of η 2 can be obtained taking advantage of the abovementioned coincidence. η 2 is the critical value where the energies of the Laughlin and L = N(N − 1) − N state cross, or
where L 0 = N(N − 1) and V 0 and V 1 are E int (L 0 ) and E int (L 0 − N) (see Fig. 3 ), respectively. Or,
In addition, V 1 coincides with the energy difference ∆ between the ground state and the first excitation in the L 0 subspace which tends, as N increases (see Fig. 15 )(a), to ∆ ∼ 0.1g ω ⊥ = 0.1(6/N) ω ⊥
and then
In Fig. 15(b) we compare the prediction of this formula and the computed η 2 for different N. As can be seen the formula agrees very well with the numerically obtained values.
Finally, Fig. 16 shows the change of the gap with decreasing Ω 0 . There are some important differences between the symmetric and the perturbed cases. The perturbation mixes a large number of subspaces and now it is not possible to ignore the right branch. The initial (η 2 ) and final frequencies at the boundaries of the Laughlin region are shifted to smaller values. The largest gap, the one at the upper vertex of the triangle is nearly constant. At η 2 the perturbation opens a gap where degeneracy occurs in the symmetric case. As a consequence, we conclude that on the one hand, the perturbation favors the observability, and on the other hand, the detection has to be restricted to a small number of particles. 
Summary and conclusions
We have studied the possibility of producing relevant strongly correlated quantum states as ground states of a system of ultracold two-level atoms subjected to an artificial gauge field. The focus is on the formation of Moore-Read (Pfaffian), Laughlin and Laughlin-quasiparticle states. Considering a few number of atoms we have shown by exact diagonalization methods, that large squared overlaps between Pfaffian-like, Laughlin-quasiparticle-like and Laughlin-like states and the ground state of the system are found even for fairly small values of the external laser intensity Ω 0 /E R . Reducing the laser intensity, correspondingly reducing the Rabi frequency, induces deformation in the system, increasing the angular momentum of the states. The structure of these deformed states is such that the main properties of the original undeformed states is retained in a broad region of parameter space. An analytical representation of the ground states consisting on the original states supplemented by a term affected by Jastrow factors increasing in two units their angular momentum provides large overlap with the numerical results, and allows to get analytical insights into the fractional behavior of the quasihole excitations. We have checked that quasihole states on the Laughlin and generalized Laughlin states can be produced by means of additional laser beams. We have studied the fractional charge and anyonic statistics of such quasiholes making use of the analytical representation of the states. Both, the effective charge and the statistical phase angle are close to the expected value of 1/2, even for the small number of particles considered here. Such fractional behavior is found whenever quasiholes are able to evolve in the bulk of the system, thus, the agreement with the expected behavior gets better as the size of the system is increased. The admixture of higher angular momentum in the generalized Laughlin state does not modify the fractional behavior of its quasihole excitation. However, as the creation of two quasiholes requires a higher artificial field strength η than the one necessary to get into the (generalized) Laughlin regime, our analysis is relevant mostly in the weakly perturbed regime, whereas in the highly perturbed regime an exact numerical evolution of the adiabatic movement would be needed, falling beyond the scope of the present work.
Concerning the observability of Laughlin-like states, we find that decreasing Ω 0 /E R shifts the spectrum to smaller values of η, which are thus further away from the instability region η = 1, favoring the experimental conditions. In addition, keeping the chemical potential constant, i.e. Ng = constant, we find that the observability of the Laughlin state is reduced to small number of particles due to the fast decrease of the largest possible gap over the ground state as N increases.
An interesting aspect for future investigation are the excitations in the Pfaffian-like regime, which might obey non-Abelian statistics. A signature for this behavior would be a degeneracy in the state with four quasiholes [41] . However, our present system is too small to test this physics.
